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ABSTRACT 
 
With the objective to improve the reactor physics calculation on a 2D and 3D nuclear reactor via the Diffusion 
Equation, an adaptive automatic finite element remeshing method, based on the elementary area (2D) or volume 
(3D) constraints, has been developed. The adaptive remeshing technique, guided by a posteriori error estimator, 
makes use of two external mesh generator programs: Triangle and TetGen. The use of these free external finite 
element mesh generators and an adaptive remeshing technique based on the current field continuity show that 
they are powerful tools to improve the neutron flux distribution calculation and by consequence the power 
solution of the reactor core even though they have a minor influence on the critical coefficient of the calculated 
reactor core examples. Two numerical examples are presented: the 2D IAEA reactor core numerical benchmark 
and the 3D model of the Argonauta research reactor, built in Brasil.  
 
 
1. INTRODUCTION 
 
This article presents a posteriori error estimator to build in the diffusion theory, an adaptive 
automatic remeshing strategy. This error estimator calculates new characteristic length, area 
or volume constraint in each element to homogeineize the error in all the domain making use 
of two external mesh generator programs: Triangle, developed for 2D analysis by Jonathan 
Shewchuk [1] and TetGen, developed for 3D analysis by Hang Si [2]. These softwares can be 
used to proceed the adaptive remeshing for an unlimited number of regions with different 
properties. The error evaluation depends on the kind of conditions to be fulfilled on the inter-
elements regions. In the particular cases of stress and thermal analysis, and neutron diffusion, 
which involve continuity requirements in interface regions for stress, thermal flux and 
neutron current, respectively, an error estimator based in a polynomial interpolation of the 
stress, thermal flux or neutron current can be used. Other kinds of error estimator could be 
developed, for example, in the electromagnetostatic problems where discontinuities in the 
tangential current at the interface regions take place [3]. In this article, the target is to ensure 
that for various types of problems such as stress, heat transfer and neutron diffusion, the 
continuity in the stress fields, thermal flux and neutron current, respectively, are satisfied. 
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2. FLUX ERROR ESTIMATOR 
 
Even in some real problems where the true flux field must be continuous, the use of a 
continuous piecewise linear function such as a linear finite element to represent the field F  
presents a calculated flux vh  that has inter-element discontinuities. This calculated flux is 
defined by: 
 
Fhv ∇= λ  (1) 
 
where λ  and F  represent quantities corresponding to the problem at hand. For neutron 
diffusion problems they represent the diffusion coefficient D  and the neutron flux φ , and for 
the heat transfer problems they represent the heat transfer coefficient k  and the temperature 
T , respectively. 
The flux field error, defined as the difference between the true and the calculated flux field 
can be taken as an estimator for the error produced by the discretization. The coarser the 
mesh, the more pronounced the discontinuities of the gradient field will be. As the true flux 
field *h  is unknown, we represent it by an interpolation function that produces a continuous 
flux field: 
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where n  is the number of element nodes. This interpolated flux field is more precise than the 
one obtained from the gradient of the field itself. Therefore, the error can be estimated by the 
difference between the interpolated flux field approximation and the calculated flux value 
from the field solution. To obtain the unknowns *ih , a mean error of the flux field over the 
entire domain can be estimated for example, by the following root mean square (RMS) 
adjustment: 
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Minimizing 2Ωε  in relation of the nodal variable parameters ih  one can deduces the relation: 
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that can be put in a matrix form: 
 
fMh =*  (5) 
 
where M  is the global matrix of the elementary eM  matrix and f  is the global vector of 
elementary ef  vector. The linear equation system presented in the equation (5) for 2D or 3D 
case, can be solved by the iterative process defined in [4]: 
( ) ( ) ( ) fhMrrMhh −=−= −−−−− 1*1111** kkkLkk where  (6) 
INAC 2007, Santos, SP, Brazil. 
 
where 1−LM  is a pre-conditioning matrix defined as the condensed form (lumped matrix) of 
the consistent matrix M  and 1−kr  is the residue of the system solution at step 1−k . From the 
equations (6) we can write an iterative process defined by the equation: 
 
( ) ( ) ( )( )[ ]fMMMh +−= −− 1*1* kLLk h  (7) 
 
When the convergence criterium is based on a relation between current flux field and its 
variation, the process will terminate either when the results converge to the required 
tolerance, or when the maximum number of iterations is reached. 
 
 
3. THE ADAPTIVE REFINEMENT  
 
As seen before, the mean square root of the difference between the interpolated current field 
components *h  and the calculated flux field vh  defines an error measurement for the solution 
in the sub-domain eΩ  of a generic element e  and in the domain Ω  are given by the 
relations: 
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The mean error per element can be defined by: 
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The adaptive remeshing is based on the idea that the new mesh generated has a uniform 
distributed error over the new elements. This target error leads to a refinement strategy. 
Unfortunately, this strategy does not provide any information about the number of elements 
generated, which could exceed the limits of computational feasibility. Another strategy, 
developed by Sampaio et al. [5], permits to obtain for a certain pre-defined number of 
elements, a better error distribution: 
 
2m
m
mt εε =  (10) 
 
where 2m  is the user prescribed maximum desired number of elements, m  is the number of 
elements in the current mesh and mε  is the average error per element measured on the current 
mesh. For linear elements as employed here, individual element errors are assumed to be 
proportional to the corresponding element size. Thus, the new element size distribution 
required to attain the target error tε  is defined on every element of the new mesh. A variable 
that will decide where to re-divide the mesh to diminish the flux field inter-element 
discontinuities has to be defined. Depending on the problem dimension the new element size 
can be expressed in terms of the characteristic length L  (GenMesh), the area A  (Triangle) or 
the volume V  (TetGen). Assuming that the new element size distribution is expressed in 
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terms of the element sizes kiL , the errors on the current mesh 
IΩ
ε  and the uniform target 
error tε  aimed for the new mesh as [6]: 
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then, the new element size to process a new remeshing step could be given in terms of the 
area (2D) or volume (3D) by: 
 
( ) ( ) kikikikikiki VLVorALA 311211 ++++ ==  (12) 
 
that are the formulas used in the case of the external programs Triangle(2D) or TetGen(3D). 
 
 
4. NUMERICAL RESULTS: 
 
In this section, among a lot of numerical results presented before [7, 8, 9], the results of the 
2D-IAEA benchmark numerical simulation of a hypothetic reactor is chosen and compared 
with the solution obtained by the present work that was realized with a sequence of six 
adaptive remeshing steps [10]. 
 
    
Figure 1. The first basic mesh and the new mesh 
 
 
Figure 2. Thermal Flux for Basic and New Mesh. 
 
In figure 1., only the basic and the final adaptive mesh are presented. The thermal flux 
solution obtained for the basic and the last adaptive mesh are given in figure 2. Note the 
significant improvement in the thermal neutron flux calculations, which will improve the 
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results of a subsequent local reactor power calculation as well. Table 1 shows the comparison 
between the effk results obtained by this work and that obtained by the numerical benchmark 
calculation. 
Table 1.  Criticality Coefficient effk  
Required Mesh Obtained mesh Present work IAEA Numerical Benchmark Error(%) 
Basic mesh 245 1.03018 0.06 
25000 26247 1.02948                  1.02958 0.01 
 
Here, a simplified 3D Argonauta Reactor model is presented using, by symmetry, an octant of 
the reactor. Three regions are defined: the core (green) and the reflectors: graphite (yellow) 
and water (blue) [10]. 
 
                 
(a)    (b)     (c) 
 Figure 4.  The material (a), the basic mesh (b) and the last new mesh (c)  
 
  
 (a)    (b)    (c) 
Figure 5. Thermal Flux (a and b) and Thermal Flux Graph (c) for various meshes. 
 
The flux corresponding to the two neutron energy groups and the criticality coefficient is 
obtained for a sequence of adaptive remeshing steps. Figure 4 presents the material regions 
(a), the basic (b) and the last adaptive mesh (c) obtained using the free software TetGen and 
the error estimator presented before in this work. The thermal neutron fluxes are presented in 
the figure 5 for the coarse mesh (a) and for the last refined mesh (b). The thermal flux graphs 
in the z-direction passing on the core reactor centre are presented in figure 5 (c) for various 
meshes. When an increasing number of finite elements are used, an improvement has been 
observed in the thermal neutron flux shape comparing with the experimental results [11]. This 
improvement will reflect directly in the local power calculation of the reactor. If it is possible 
to obtain this shape with a generic refinement, the error estimator have the advantage to 
3226 elem 
16424 elem 
64927 elem 
110 elem
Middle 
plan 
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concentrated the elements, as can be observed from figure 4 (c), to render the current field 
continuous avoiding wasting cpu time. The mesh refinements can be based on either the 
results for the fast or thermal neutron flux distribution, as specified by the user. 
 
 
5. CONCLUSIONS 
 
The implementation of Triangle and TetGen, external free finite element mesh generators, 
associated with the current error estimator, shows that they are powerful tools to improve the 
neutron flux distribution and by consequence the power solution of the reactor core even 
though they have a little influence on the critical coefficient of the reactor core. The minor 
drawback of this implementation, is the requirement to give the geometry model in a special 
way: the Planar Straight Line Graph (PSLG) data file in the 2D case and the Piecewise Linear 
Complex (PLC) data file in the 3D case. The implementation of this technique to the stress 
and thermal analysis is straightforward. In the case of electromagnetostatic problem new 
error estimator have to be developed [3]. 
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